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Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàþòñÿ ñìåøàííûå êðàåâûå çàäà÷è â ÷åòâåðòè ïëîñ-

êîñòè äëÿ ñèñòåìû Âëàñîâà, îïèñûâàþùåé ìàëûå èçãèáíî-êðóòèëüíûå

êîëåáàíèÿ óïðóãîãî ñòåðæíÿ. Ïîëó÷åí êðèòåðèé âûïîëíèìîñòè óñëî-

âèÿ Ëîïàòèíñêîãî â òåðìèíàõ êîý��èöèåíòîâ ãðàíè÷íûõ îïåðàòîðîâ.

Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé â àíèçîòðîïíûõ âå-

ñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ W
2,4
2,γ (R

2
++), ïîëó÷åíû òî÷íûå îöåíêè

ðåøåíèé â èíòåãðàëüíûõ íîðìàõ è ïîñòðîåíû ÿâíûå �îðìóëû ðåøåíèé.
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Abstra
t

The paper 
onsiders mixed boundary value problems in a quarter-plane

for the Vlasov system des
ribing small bending-torsional vibrations of an

elasti
 rod. A 
riterion for the satisfa
tion of the Lopatinskii 
ondition

is obtained in terms of 
oe�
ients of the boundary operators. The

existen
e and uniqueness of solutions in anisotropi
 weighted Sobolev spa
es

W
2,4
2,γ (R

2
++) are proved, sharp estimates of solutions in integral norms are

obtained, and expli
it formulas for the solutions are 
onstru
ted.

Keywords

Vlasov system, pseudohyperboli
 systems, mixed boundary value problems,

anisotropi
 weighted Sobolev spa
es.

Funding

The work is supported by the Mathemati
al Center in

Akademgorodok under Agreement No. 075-15-2025-349 with the Ministry

of S
ien
e and Higher Edu
ation of the Russian Federation.

For 
itation

Demidenko G.V., Ivleva K.D., Mixed boundary value problems for the

Vlasov system in the quarter-plane // Mat. Trudy, 2026, V. 29, N. 3, P. 19-

46. DOI 10.25205/1560-750X-2026-29-3-19-46

� 1.Ââåäåíèå

Òåîðèÿ äè��åðåíöèàëüíûõ óðàâíåíèé è ñèñòåì, íå ðàçðåøåííûõ îòíî-

ñèòåëüíî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè, ÿâëÿåòñÿ âàæíûì è àêòèâíî

ðàçâèâàþùèìñÿ ðàçäåëîì ñîâðåìåííîé òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðî-

èçâîäíûìè. Âîçíèêíîâåíèå ýòîãî íàïðàâëåíèÿ íåðàçðûâíî ñâÿçàíî ñ �óí-

äàìåíòàëüíûìè èññëåäîâàíèÿìè Ñ. Ë. Ñîáîëåâà [1℄, â ñâÿçè ñ ÷åì óðàâíå-

íèÿ äàííîãî êëàññà ÷àñòî íàçûâàþò óðàâíåíèÿìè ñîáîëåâñêîãî òèïà.
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Ê òàêîìó êëàññó îòíîñèòñÿ ñèñòåìà óðàâíåíèé Âëàñîâà, âîçíèêàþùàÿ

ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè èçãèáíî-êðóòèëüíûõ êîëåáàíèé òîí-

êîãî óïðóãîãî ñòåðæíÿ [2, 3℄:

(
1− α1D

2
x ε

ε 1− α2D
2
x

)
D2

tu+

(
c1 0
0 c2

)
D4

xu = f(t, x). (1.1)

Îñîáåííîñòüþ ýòîé ñèñòåìû ÿâëÿåòñÿ òî, ÷òî îíà íå ðàçðåøåíà îòíîñè-

òåëüíî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè, à ìàòðè÷íûé äè��åðåíöèàëü-

íûé îïåðàòîð ïðè íåé ñîäåðæèò ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì ïå-

ðåìåííûì. Âñëåäñòâèå ýòîãî äàííàÿ ñèñòåìà íå ïðèíàäëåæèò ê êëàññè÷å-

ñêèì òèïàì óðàâíåíèé. Ñîãëàñíî êëàññè�èêàöèè, ââåäåííîé â ìîíîãðà�èè

[4℄, ðàññìàòðèâàåìàÿ ñèñòåìà (1.1) ïðèíàäëåæèò ê êëàññó ïñåâäîãèïåðáî-

ëè÷åñêèõ ñèñòåì óðàâíåíèé.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ñìåøàííûõ êðàåâûõ çà-

äà÷ äëÿ ñèñòåìû Âëàñîâà â ÷åòâåðòè ïëîñêîñòè. Îñíîâíîå âíèìàíèå óäå-

ëÿåòñÿ äîêàçàòåëüñòâó îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâûõ çàäà÷ è ïî-

ëó÷åíèþ îöåíîê ðåøåíèÿ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ ñ

ýêñïîíåíöèàëüíûì âåñîì.

� 2.Ïîñòàíîâêà çàäà÷è. Óñëîâèå Ëîïàòèíñêîãî

�àññìîòðèì ñìåøàííóþ êðàåâóþ çàäà÷ó äëÿ ñèñòåìû Âëàñîâà â ÷åò-

âåðòè ïëîñêîñòè t > 0, x > 0:





(
1− α1D

2
x ε

ε 1− α2D
2
x

)
D2

t u+

(
c1 0
0 c2

)
D4

xu = f(t, x),

B(Dx)u|x=0 = 0,

u|t=0 = 0, Dtu|t=0 = 0,

(2.1)

ãäå âåêòîð-�óíêöèÿ u(t, x) = (u1(t, x), u2(t, x))
T
, ïðàâàÿ ÷àñòü f(t, x) =

(f1(t, x), f2(t, x))
T
, êîý��èöèåíòû ñèñòåìû óäîâëåòâîðÿþò óñëîâèÿì: α1,

α2 > 0, 0 ≤ ε < 1, c1, c2 > 0. Ýòà ñèñòåìà ÿâëÿåòñÿ íå ðàçðåøåííîé îòíîñè-
òåëüíî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè è âõîäèò â êëàññ ïñåâäîãèïåðáî-

ëè÷åñêèõ ñèñòåì [4℄.

�ðàíè÷íûå óñëîâèÿ B(Dx)u|x=0 = 0 çàäàþòñÿ â ñëåäóþùåì âèäå:





a11u1 + a12Dxu1|x=0 = 0,

a21u1 + a22Dxu1|x=0 = 0,

b11u2 + b12Dxu2|x=0 = 0,

b21u2 + b22Dxu2|x=0 = 0.

(2.2)
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Êîý��èöèåíòû ajk, bjk � âåùåñòâåííûå ïîñòîÿííûå.

Ïðèìåíèì �îðìàëüíî ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè t → τ ê

ñèñòåìå (2.1)�(2.2). Ââåäåì �óíêöèè îáðàçîâ:

v(τ, x) = L[u](τ, x) = 1√
2π

∫ +∞

0

e−τtu(t, x) dt,

g(τ, x) = L[f ](τ, x),
ãäå τ = σ + iη � êîìïëåêñíûé ïàðàìåòð ïðåîáðàçîâàíèÿ, ïðè÷åì Re τ =
σ > γ > 0. Ñ ó÷åòîì íóëåâûõ íà÷àëüíûõ äàííûõ, çàäà÷à â îáðàçàõ Ëàïëàñà

ïðèíèìàåò âèä êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äè��åðåíöè-

àëüíûõ óðàâíåíèé ñ ïàðàìåòðîì:





τ 2
(
1− α1D

2
x ε

ε 1− α2D
2
x

)
v +

(
c1 0
0 c2

)
D4

xv = g(τ, x), x > 0,

aj1v1 + aj2Dxv1
∣∣
x=0

= 0, bj1v2 + bj2Dxv2
∣∣
x=0

= 0, j = 1, 2.

(2.3)

Áóäåì èñêàòü ðåøåíèå çàäà÷è (2.3) â ïðîñòðàíñòâå W 4
2 (R+) äëÿ ëþáîãî

τ òàêîãî, ÷òî Re τ > 0.
Äëÿ çàäà÷è (2.3) ïðåäïîëàãàåòñÿ âûïîëíåíèå óñëîâèÿ Ëîïàòèíñêîãî

(ñì., íàïðèìåð, [4, 9℄). Êàê áóäåò ïîêàçàíî äàëåå â Ëåììå 1, ýòî óñëîâèå

ýêâèâàëåíòíî âûïîëíåíèþ íåðàâåíñòâ:

det(aij) 6= 0, det(bij) 6= 0.

Äëÿ äàëüíåéøåãî àíàëèçà ñâåäåì ñèñòåìó (2.3) ê ñèñòåìå äè��åðåíöè-

àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ââåäåì áëî÷íûé âåêòîð íåèçâåñòíûõ

y = (y1, y2)T ðàçìåðíîñòè 8× 1, êîìïîíåíòû êîòîðîãî èìåþò âèä:

y1 =




y1
y2
y3
y4


 =




v1
Dxv1
D2

xv1
D3

xv1


 , y2 =




y5
y6
y7
y8


 =




v2
Dxv2
D2

xv2
D3

xv2


 .

Çàïèøåì èñõîäíóþ ñèñòåìó óðàâíåíèé â òåðìèíàõ y:
{
τ 2(y1 − α1y3) + ετ 2y5 + c1Dxy4 = g1(τ, x),

ετ 2y1 + τ 2(y5 − α2y7) + c2Dxy8 = g2(τ, x).

Âûðàçèì ïðîèçâîäíûå Dxy4 è Dxy8:

Dxy4 = −τ 2

c1
y1 +

τ 2α1

c1
y3 −

ετ 2

c1
y5 +

g1(τ, x)

c1
,

Dxy8 = −ετ 2

c2
y1 −

τ 2

c2
y5 +

τ 2α2

c2
y7 +

g2(τ, x)

c2
.
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Òàêèì îáðàçîì, ïðè �èêñèðîâàííîì τ , Re τ > 0, êðàåâàÿ çàäà÷à (2.3)

ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å íà ïîëóîñè:





dy

dx
= A(τ) y + F (τ, x), x > 0,

B y
∣∣
x=0

= 0,

y(τ, x) ∈ W 1
2 (R+),

(2.4)

ãäå âåêòîð ïðàâîé ÷àñòè F (τ, x) =
(
0, 0, 0, g1(τ,x)

c1
, 0, 0, 0, g2(τ,x)

c2

)T

, à ìàòðèöà

ñèñòåìû A(τ) ðàçìåðà 8×8 èìååò áëî÷íóþ ñòðóêòóðó A(τ) =

(
A11 A12

A21 A22

)
:

A11 =




0 1 0 0
0 0 1 0
0 0 0 1

− τ2

c1
0 α1τ2

c1
0


 , A12 =




0 0 0 0
0 0 0 0
0 0 0 0

−ετ2

c1
0 0 0


 ,

A21 =




0 0 0 0
0 0 0 0
0 0 0 0

−ετ2

c2
0 0 0


 , A22 =




0 1 0 0
0 0 1 0
0 0 0 1

− τ2

c2
0 α2τ2

c2
0


 .

Â äàëüíåéøåì áóäåò ïîêàçàíî, ÷òî äëÿ ñïåêòðà ìàòðèöû A(τ), Re τ > 0,
èìååò ìåñòî äèõîòîìèÿ îòíîñèòåëüíî ìíèìîé îñè, ïðè ýòîì ÷èñëî ñîá-

ñòâåííûõ çíà÷åíèé, ëåæàùèõ â ëåâîé ïîëóïëîñêîñòè ðàâíî 4 (ñì. Ëåììó

3).

�ðàíè÷íûå óñëîâèÿ (2.2) çàäàþòñÿ ìàòðèöåé B ðàçìåðà 4× 8:

B =




a11 a12 0 0 0 0 0 0
a21 a22 0 0 0 0 0 0
0 0 0 0 b11 b12 0 0
0 0 0 0 b21 b22 0 0


 .

Îäíîçíà÷íàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è (2.4) ïðè ëþáûõ îãðàíè-

÷åííûõ F (τ, x) ýêâèâàëåíòíà âûïîëíåíèþ óñëîâèÿ Ëîïàòèíñêîãî:

det(BT−(τ)) 6= 0 äëÿ âñåõ Re τ > 0. (2.5)

Çäåñü T−(τ) � ìàòðèöà ðàçìåðà 8 × 4, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåê-

òîðû, îáðàçóþùèå áàçèñ â ìàêñèìàëüíîì èíâàðèàíòíîì ïîäïðîñòðàíñòâå,

ñîîòâåòñòâóþùåì ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû A(τ) ñ îòðèöàòåëüíîé
âåùåñòâåííîé ÷àñòüþ.
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Ëåììà 1. Óñëîâèå Ëîïàòèíñêîãî (2.5) ýêâèâàëåíòíî âûïîëíåíèþ íåðà-

âåíñòâ:

det(aij) 6= 0, det(bij) 6= 0. (2.6)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïîñêîëüêó 3, 4, 7 è 8 ñòîëáöû ìàò-

ðèöû B ñîñòîÿò òîëüêî èç íóëåé, ïðè óìíîæåíèè B íà T−(τ) ñîîòâåò-

ñòâóþùèå ñòðîêè ìàòðèöû T−(τ) íå âíîñÿò âêëàäà. Ýòî ïîçâîëÿåò ââåñòè
ðåäóöèðîâàííûå ìàòðèöû 4× 4:

B̃ =




a11 a12 0 0
a21 a22 0 0
0 0 b11 b12
0 0 b21 b22


 , T̃−(τ) =




w11 w12 w13 w14

w21 w22 w23 w24

w51 w52 w53 w54

w61 w62 w63 w64


 ,

òàêèå ÷òî BT−(τ) = B̃T̃−(τ). Ìàòðèöà B̃ èìååò áëî÷íî-äèàãîíàëüíûé âèä,

ïîýòîìó å¼ îïðåäåëèòåëü ðàâåí ïðîèçâåäåíèþ îïðåäåëèòåëåé äèàãîíàëü-

íûõ áëîêîâ. Ñëåäîâàòåëüíî, èç óñëîâèÿ det(BT−(τ)) 6= 0 ïîëó÷àåì:

det

(
a11 a12
a21 a22

)
6= 0 è det

(
b11 b12
b21 b22

)
6= 0.

Çàìå÷àíèå 1. Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî

‖(BT−(τ))
−1‖ ≤ c(γ0) < ∞, (2.7)

ïðè Re τ ≥ γ0 > 0.

� 3.Îñíîâíîé ðåçóëüòàò

Äëÿ �îðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ ââåäåì íåîáõîäèìûå �óíê-

öèîíàëüíûå ïðîñòðàíñòâà. Áóäåì ðàññìàòðèâàòü �óíêöèè, çàäàííûå â

÷åòâåðòè ïëîñêîñòè R2
++ = {(t, x) | t > 0, x > 0}.

Ïðèâåäåì íåîáõîäèìûå îïðåäåëåíèÿ àíèçîòðîïíûõ ñîáîëåâñêèõ ïðî-

ñòðàíñòâ (ñì., íàïðèìåð, [4, 5, 6℄).

Îïðåäåëåíèå 1. Ôóíêöèÿ u(t, x) ïðèíàäëåæèò àíèçîòðîïíîìó ñîáî-

ëåâñêîìó ïðîñòðàíñòâó W l1,l2
2 (G), ãäå l1, l2 > 0, G ⊆ R2

, åñëè ñóùåñòâóþò

îáîáùåííûå ïðîèçâîäíûå Dα1
t Dα2

x u(t, x) â îáëàñòè G ïðè ìóëüòèèíäåêñå

α = (α1, α2) òàêîì, ÷òî
α1

l1
+

α2

l2
≤ 1,

ïðè ýòîì Dα1
t Dα2

x u(t, x) ∈ L2(G). Íîðìà â ýòîì ïðîñòðàíñòâå èìååò âèä:

‖u(t, x),W l1,l2
2 (G)‖ =

∑

α:
α1
l1

+
α2
l2

≤1

‖Dα1
t Dα2

x u(t, x), L2(G)‖.
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Îïðåäåëåíèå 2. Ôóíêöèÿ f(t, x) ïðèíàäëåæèò àíèçîòðîïíîìó ñî-

áîëåâñêîìó ïðîñòðàíñòâó W 0,1
2 (G) (èëè W 1,0

2 (G)), åñëè f(t, x) ∈ L2(G),
ñóùåñòâóåò îáîáùåííàÿ ïðîèçâîäíàÿ Dxf(t, x) (Dtf(t, x)) â G, ïðè ýòîì

Dxf(t, x) ∈ L2(G) (èëè Dtf(t, x) ∈ L2(G) ñîîòâåòñòâåííî). Ïîëàãàåì

‖f(t, x),W 0,1
2 (G)‖ = ‖f(t, x), L2(G)‖+ ‖Dxf(t, x), L2(G)‖,

‖f(t, x),W 1,0
2 (G)‖ = ‖f(t, x), L2(G)‖+ ‖Dtf(t, x), L2(G)‖.

Îïðåäåëåíèå 3. Ôóíêöèÿ u(t, x) ïðèíàäëåæèò àíèçîòðîïíîìó ñî-

áîëåâñêîìó ïðîñòðàíñòâó ñ ýêñïîíåíöèàëüíûì âåñîì W l1,l2
2,γ (R2

++), γ > 0,

åñëè �óíêöèÿ e−γtu(t, x) ∈ W l1,l2
2 (R2

++). Íîðìà îïðåäåëÿåòñÿ ñëåäóþùèì

ðàâåíñòâîì:

‖u(t, x),W l1,l2
2,γ (R2

++)‖ = ‖e−γtu(t, x),W l1,l2
2 (R2

++)‖.

Îïðåäåëåíèå 4. Áóäåì ãîâîðèòü, ÷òî u(t, x) = (u1(t, x), u2(t, x))
T

ïðèíàäëåæèò W l1,l2
2,γ (G), åñëè uj(t, x) ∈ W l1,l2

2,γ (G), j = 1, 2. Ïîëàãàåì

‖u(t, x),W l1,l2
2,γ (G)‖ = ‖u1(t, x),W

l1,l2
2,γ (G)‖+ ‖u2(t, x),W

l1,l2
2,γ (G)‖.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî êîððåêòíîñòè

ïîñòàâëåííîé çàäà÷è (2.1)�(2.2) â àíèçîòðîïíûõ âåñîâûõ ñîáîëåâñêèõ ïðî-

ñòðàíñòâàõ W 2,4
2,γ (R

2
++).

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå Ëîïàòèíñêîãî äëÿ êðàåâîé çà-

äà÷è (2.1)�(2.2), òîãäà ñóùåñòâóåò γ1 > 0 òàêîå, ÷òî äëÿ ëþáîé f(t, x) ∈
W 1,1

2,γ (R
2
++), γ > γ1, êðàåâàÿ çàäà÷à (2.1)�(2.2) îäíîçíà÷íî ðàçðåøèìà â

êëàññå âåêòîð-�óíêöèé W 2,4
2,γ (R

2
++), òàêèõ, ÷òî D2

tD
2
xu(t, x) ∈ L2,γ(R

2
++), è

âûïîëíÿåòñÿ îöåíêà:

‖u(t, x),W 2,4
2,γ (R

2
++)‖+ ‖D2

tD
2
xu(t, x), L2,γ(R

2
++)‖ ≤ c(γ1)‖f(t, x),W 1,1

2,γ (R
2
++)‖,

ãäå êîíñòàíòà c(γ1) > 0 íå çàâèñèò îò �óíêöèè f(t, x).

Äîêàçàòåëüñòâî òåîðåìû áóäåò îñíîâàíî íà èçó÷åíèè êðàåâîé çàäà÷è

(2.3) ïðè ëþáîì �èêñèðîâàííîì ïàðàìåòðå τ , Re τ > γ. Âíà÷àëå ìû ïî-

ñòðîèì ðåøåíèå çàäà÷è (2.3) â èíòåãðàëüíîì âèäå è ïîëó÷èì åãî îöåíêè â

íîðìå ïðîñòðàíñòâà W 4
2 (R+), ó÷èòûâàÿ çàâèñèìîñòü ðàçëè÷íûõ êîíñòàíò

îò ïàðàìåòðà τ . Çàòåì, èñïîëüçóÿ îáîáùåííóþ òåîðåìó Ïýëè-Âèíåðà, óñòà-

íîâèì óñëîâèÿ, ïðè êîòîðûõ ê �óíêöèè v(τ, x) ìîæíî ïðèìåíÿòü îáðàòíîå
ïðåîáðàçîâàíèå Ëàïëàñà, ïîëó÷èì ïðè ýòîì ðåøåíèå èñõîäíîé êðàåâîé çà-

äà÷è u(t, x) ∈ W 2,4
2,γ (R

2
++), γ > 0.

Ïðèâåäåì íåîáõîäèìûå äëÿ äàëüíåéøåãî ñâåäåíèÿ î ñâîéñòâàõ ïðåîá-

ðàçîâàíèÿ Ëàïëàñà (ñì., íàïðèìåð, [7℄).
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Îïðåäåëåíèå 5. Ïóñòü �óíêöèÿ u(t, x) îïðåäåëåíà ïðè t > 0 è ëî-

êàëüíî ñóììèðóåìà ïî t, ïðè ýòîì e−σtu(t, x) ∈ L1(R+) äëÿ êàæäîãî �èê-
ñèðîâàííîãî x. Òîãäà �óíêöèÿ

L[u](τ, x) = 1√
2π

∫ +∞

0

e−τtu(t, x) dt, τ = iη + σ, σ > γ > 0,

íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà �óíêöèè u(t, x) ïî ïåðåìåííîé t.
Îïåðàòîð, ñîïîñòàâëÿþùèé u(t, x) �óíêöèþ L[u](τ, x), íàçûâàåòñÿ îïåðà-

òîðîì Ëàïëàñà è îáîçíà÷àåòñÿ L.

Îïðåäåëåíèå 6. Îáîçíà÷èì ÷åðåç L̃2(C
+
γ ×R+) ïðîñòðàíñòâî �óíêöèé

v(τ, x) êîìïëåêñíîé ïåðåìåííîé τ = σ + iη è âåùåñòâåííîé ïåðåìåííîé

x > 0, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1) äëÿ ïî÷òè âñåõ x ∈ R+ �óíêöèÿ v(τ, x) ÿâëÿåòñÿ àíàëèòè÷åñêîé ïî τ
â ïðàâîé ïîëóïëîñêîñòè C+

γ = {τ ∈ C | Re τ > γ};

2) sup
σ>γ

∫ +∞

−∞

∫ +∞

0
|v(σ + iη, x)|2 dx dη < ∞.

Íîðìó â ïðîñòðàíñòâå L̃2(C
+
γ × R+) îïðåäåëèì ñëåäóþùèì îáðàçîì:

sup
σ>γ

(∫ +∞

−∞

∫ +∞

0

|v(σ + iη, x)|2 dx dη
)1/2

< ∞.

Îïðåäåëåíèå 7. Äëÿ îïèñàíèÿ îáðàçà èíòåãðàëüíîãî îïåðàòîðà Ëà-

ïëàñà L ïðîñòðàíñòâà W l1,l2
2,γ (R2

++), ãäå l1, l2 > 0, îïðåäåëèì ïðîñòðàíñòâî

W̃ l1,l2
2 (C+

γ ×R+) êàê ìíîæåñòâî �óíêöèé v(τ, x) ∈ L̃2(C
+
γ ×R+), óäîâëåòâî-

ðÿþùèõ ñëåäóþùèì óñëîâèÿì:

sup
σ>γ

∞∫

−∞

∞∫

0

|iη + σ|2α1 |Dα2
x v(iη + σ, x)|2 dx dη < ∞,

α1

l1
+

α2

l2
≤ 1.

Äàííîå ïðîñòðàíñòâî ÿâëÿåòñÿ ëèíåéíûì íîðìèðîâàííûì ïðîñòðàí-

ñòâîì ñ íîðìîé:

∑

α

sup
σ>γ




∞∫

−∞

∞∫

0

|iη + σ|2α1 |Dα2
x v(iη + σ, x)|2 dx dη




1
2

,

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì ìóëüòèèíäåêñàì α = (α1, α2), óäîâëå-
òâîðÿþùèì

α1

l1
+ α2

l2
≤ 1.
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Îáîáùåííàÿ òåîðåìà Ïýëè-Âèíåðà. Èíòåãðàëüíûé îïåðàòîð Ëà-

ïëàñà L îòîáðàæàåò ïðîñòðàíñòâî �óíêöèé èç W l1,l2
2,γ (R2

++), óäîâëåòâîðÿþ-
ùèõ íóëåâûì íà÷àëüíûì äàííûì

Dk
t u|t=0 = 0, k = 0, . . . , l1 − 1,

íà ïðîñòðàíñòâî W̃ l1,l2
2 (C+

γ ×R+) âçàèìíî îäíîçíà÷íî è âçàèìíî íåïðåðûâ-
íî.

� 4.Ñïåêòðàëüíûé àíàëèç

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è (2.4) íåîáõîäèìî èññëåäîâàòü ñïåêòð

ìàòðèöû A(τ). Íàéäåì å¼ õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí.

Ïóñòü w = (w1, . . . , w8)
T
� ñîáñòâåííûé âåêòîð, óäîâëåòâîðÿþùèé

óðàâíåíèþ A(τ)w = λw. Èç ñòðóêòóðû ìàòðèöû âûòåêàþò ñîîòíîøåíèÿ:

w2 = λw1, w3 = λ2w1, w4 = λ3w1,

à òàêæå

w6 = λw5, w7 = λ2w5, w8 = λ3w5.

×åòâåðòîå è âîñüìîå óðàâíåíèÿ ñèñòåìû A(τ)w = λw ïðèíèìàþò âèä:

(c1λ
4 + τ 2(1− α1λ

2))w1 + ετ 2w5 = 0,

ετ 2w1 + (c2λ
4 + τ 2(1− α2λ

2))w5 = 0.

Ïðèðàâíèâàÿ îïðåäåëèòåëü ïîëó÷åííîé ñèñòåìû 2 × 2 ê íóëþ, ïîëó÷àåì

õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

L(τ, λ) = det(A(τ)− λI)

= [c1λ
4 + τ 2(1− α1λ

2)][c2λ
4 + τ 2(1− α2λ

2)]− ε2τ 4 = 0. (4.1)

Ñäåëàåì çàìåíó µ = λ2
. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïåðåïèøåòñÿ â

âèäå:

c1c2µ
4 − τ 2(α1c2 + α2c1)µ

3 + (τ 2(c1 + c2) + α1α2τ
4)µ2

−τ 4(α1 + α2)µ+ τ 4(1− ε2) = 0.

Òàê êàê µ = λ2
, óðàâíåíèå èìååò 8 êîðíåé {λj}. Íèæå ìû ïîêàæåì, ÷òî

äëÿ ñïåêòðà ìàòðèöû èìååò ìåñòî äèõîòîìèÿ îòíîñèòåëüíî ìíèìîé îñè:

4 êîðíÿ ëåæàò â ëåâîé ïîëóïëîñêîñòè (Reλj < 0) è 4 êîðíÿ â ïðàâîé

(Reλj > 0).
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Ëåììà 2. Ïðè Re τ ≥ γ > 0 õàðàêòåðèñòè÷åñêîå óðàâíåíèå (4.1) íå

èìååò ÷èñòî ìíèìûõ êîðíåé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ñóùåñòâóåò ÷èñòî ìíè-

ìûé êîðåíü λ = iω, ãäå ω ∈ R è ω 6= 0.
Ïîäñòàâëÿÿ λ = iω â õàðàêòåðèñòè÷åñêîå óðàâíåíèå

L(τ, λ) = [c1λ
4 + τ 2(1− α1λ

2)][c2λ
4 + τ 2(1− α2λ

2)]− ε2τ 4 = 0,

ïîëó÷àåì:

[c1ω
4 + τ 2(1 + α1ω

2)][c2ω
4 + τ 2(1 + α2ω

2)]− ε2τ 4 = 0.

Äëÿ óïðîùåíèÿ âûêëàäîê ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

X1 = c1ω
4 > 0, X2 = c2ω

4 > 0, Y1 = 1 + α1ω
2 > 1, Y2 = 1 + α2ω

2 > 1.

Ïåðåõîäÿ ê íîâûì îáîçíà÷åíèÿì, èìååì

(X1 + τ 2Y1)(X2 + τ 2Y2)− ε2τ 4 = 0.

�àñêðûâàÿ ñêîáêè è ãðóïïèðóÿ ñëàãàåìûå ïî ñòåïåíÿì τ , ïðèõîäèì ê óðàâ-

íåíèþ:

(Y1Y2 − ε2)τ 4 + (X1Y2 +X2Y1)τ
2 +X1X2 = 0.

Ââåäåì êîý��èöèåíòû A,B è C:

A = Y1Y2 − ε2, B = X1Y2 +X2Y1, C = X1X2.

Çàìåòèì, ÷òî B > 0 è C > 0. Òàê êàê ïî óñëîâèþ çàäà÷è 0 ≤ ε < 1 è

Y1, Y2 > 1, òî A > 1 − ε2 > 0. Òàêèì îáðàçîì, ìû ïîëó÷èëè óðàâíåíèå ñ

ïîëîæèòåëüíûìè êîý��èöèåíòàìè:

Aτ 4 +Bτ 2 + C = 0.

Ïàðàìåòð τ = σ + iη, ãäå σ ≥ γ > 0. Òîãäà τ 2 = a + ib, ãäå a = σ2 − η2 è
b = 2ση. Ïîäñòàâèâ ýòî â óðàâíåíèå, èìååì

A(a2 − b2 + 2iab) +Ba+ iBb+ C = 0.

Âûäåëÿÿ ìíèìóþ ÷àñòü óðàâíåíèÿ, èìååì

Im(Aτ 4 +Bτ 2 + C) = 2Aab+Bb = b(2Aa +B) = 0.

Ïîñêîëüêó σ > 0, ðàâåíñòâî b = 2ση = 0 âîçìîæíî òîëüêî ïðè η = 0. Â
ýòîì ñëó÷àå τ 2 = σ2 > 0, è óðàâíåíèå Aσ4+Bσ2+C = 0 íå èìååò ðåøåíèé,
òàê êàê âñå êîý��èöèåíòû è σ ïîëîæèòåëüíû.
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Ñëåäîâàòåëüíî, äîëæíî âûïîëíÿòüñÿ óñëîâèå 2Aa + B = 0, ò. å. a =
−B/(2A) < 0. Òîãäà, ïðèðàâíèâàÿ ê íóëþ âåùåñòâåííóþ ÷àñòü, èìååì

Ab2 = Aa2 +Ba+ C.

Ïîäñòàâëÿÿ a = −B/(2A), ïîëó÷àåì:

Ab2 =
4AC − B2

4A
.

Îáîçíà÷èì ∆ = B2 − 4AC. �àñêðûâàÿ âûðàæåíèÿ äëÿ X è Y , ïîëó÷àåì:

∆ = (X1Y2 −X2Y1)
2 + 4ε2X1X2 > 0.

Òîãäà Ab2 = − ∆
4A

< 0. Ïîñêîëüêó A > 0, ýòî îçíà÷àåò, ÷òî b2 < 0, ÷òî
íåâîçìîæíî äëÿ âåùåñòâåííîãî çíà÷åíèÿ b = 2ση. Ïîëó÷åííîå ïðîòèâîðå-
÷èå äîêàçûâàåò ëåììó.

Ëåììà 3. Ïðè |τ | → ∞ êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.1)

ðàçäåëÿþòñÿ íà äâå ãðóïïû:

1) ìîäóëè êîòîðûõ ðàñòóò ïðîïîðöèîíàëüíî |τ |;

2) ìîäóëè êîòîðûõ îãðàíè÷åíû.

Äîêàçàòåëüñòâî. 1) �àçäåëèì óðàâíåíèå (4.1) L(τ, λ) = 0 íà τ 8 è ñäå-

ëàåì çàìåíó z = µ/τ 2 = λ2/τ 2:

(
c1z

2 − α1z +
1

τ 2

)(
c2z

2 − α2z +
1

τ 2

)
− ε2

τ 4
= 0.

Ïðè |τ | → ∞ ïðåäåëüíîå óðàâíåíèå z2(c1z − α1)(c2z − α2) = 0 èìååò íåíó-
ëåâûå êîðíè z1 = α1/c1, z2 = α2/c2. Ýòî äàåò 4 êîðíÿ, ìîäóëè êîòîðûõ

ðàñòóò ïðîïîðöèîíàëüíî |τ |:

λ−
1 (τ) ≈ −

√
α1

c1
τ , λ−

2 (τ) ≈ −
√

α2

c2
τ,

λ+
1 (τ) ≈

√
α1

c1
τ , λ+

2 (τ) ≈
√

α2

c2
τ.

(4.2)

2) �àçäåëèì óðàâíåíèå (4.1) íà τ 4:

(
c1µ

2

τ 2
− α1µ+ 1

)(
c2µ

2

τ 2
− α2µ+ 1

)
= ε2.
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Ïðè |τ | → ∞ ïîëó÷àåì óðàâíåíèå (1− α1µ)(1− α2µ) = ε2, êîðíè êîòîðîãî
ðàâíû:

µ3,4 =
α1 + α2 ±

√
(α1 + α2)2 − 4α1α2(1− ε2)

2α1α2

.

Ýòî äàåò 4 êîðíÿ, ìîäóëè êîòîðûõ îãðàíè÷åíû ïðè |τ | → ∞:

λ−
3 (τ) ≈ −√

µ3 , λ−
4 (τ) ≈ −√

µ4,

λ+
3 (τ) ≈

√
µ3 , λ+

4 (τ) ≈
√
µ4.

(4.3)

Ñëåäñòâèå 1. Îáîçíà÷èì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.1),

ëåæàùèå â ëåâîé ïîëóïëîñêîñòè ïðè Re τ > 0 ÷åðåç λ−
j (τ), j = 1, . . . , 4.

Ïðè ýòîì λ−
1 (τ), λ

−
2 (τ) óäîâëåòâîðÿþò (4.2), λ−

3 (τ), λ
−
4 (τ) óäîâëåòâîðÿþò

(4.3).

Òîãäà ñóùåñòâóåò γ′
0 ≥ γ0 > 0 òàêîå, ÷òî ïðè τ, Re τ > γ > γ′

0, âûïîë-

íÿþòñÿ íåðàâåíñòâà

Reλ−
1 (τ) ≤ −1

2

√
α1

c1
, Reλ−

2 (τ) ≤ −1

2

√
α2

c2
,

Reλ−
3 (τ) ≤ −1

2

√
µ3 , Reλ−

4 (τ) ≤ −1

2

√
µ4 .

(4.4)

Â äàëüíåéøåì ìû áóäåì ñ÷èòàòü, ÷òî γ′
0 îïðåäåëåíî â ñëåäñòâèè 1.

� 5.Ïîñòðîåíèå ðåøåíèÿ êðàåâîé çàäà÷è

Ïóñòü λj(τ) � ñîáñòâåííûå ÷èñëà ìàòðèöû A(τ). Â ñîîòâåòñòâèè ñ ðå-

çóëüòàòàìè ñïåêòðàëüíîãî àíàëèçà, ïðè Re τ ≥ γ > 0 ñïåêòð ìàòðèöû

A(τ) íå ïåðåñåêàåòñÿ ñ ìíèìîé îñüþ è ðàçäåëÿåòñÿ íà äâà èçîëèðîâàí-

íûõ ïîäìíîæåñòâà (äèõîòîìèÿ ñïåêòðà), êàæäîå èç êîòîðûõ ñîäåðæèò ïî

4 ñîáñòâåííûõ ÷èñëà (ñ ó÷åòîì êðàòíîñòè), ëåæàùèõ â ëåâîé (Reλ < 0) è
ïðàâîé (Reλ > 0) ïîëóïëîñêîñòÿõ ñîîòâåòñòâåííî.

Îïðåäåëèì ñïåêòðàëüíûé ïðîåêòîð �èñà P (τ) íà ìàêñèìàëüíîå èíâà-
ðèàíòíîå ïîäïðîñòðàíñòâî, ñîîòâåòñòâóþùåå ÷àñòè ñïåêòðà â ëåâîé ïîëó-

ïëîñêîñòè:

P (τ) =
1

2πi

∫

γ−

(λI −A(τ))−1 dλ,

ãäå γ− � çàìêíóòûé ñïðÿìëÿåìûé êîíòóð, ëåæàùèé â îáëàñòè {λ ∈ C |
Reλ < 0} è îõâàòûâàþùèé âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A(τ) ñ îòðè-
öàòåëüíîé âåùåñòâåííîé ÷àñòüþ.
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�àññìîòðèì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé íà ÷èñëîâîé ïðÿ-

ìîé: 



dy

dx
= A(τ) y + F (τ, x), x ∈ R,

supx∈R ‖y(τ, x)‖ < ∞,

ãäå τ , Re τ > 0 � �èêñèðîâàíî.

Èñïîëüçóÿ äèõîòîìèþ ñïåêòðà, ââåäåì ìàòðè÷íóþ �óíêöèþ �ðèíà

G(τ, x) äëÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé íà ÷èñëîâîé ïðÿìîé:

G(τ, x) =

{
exA(τ)P (τ), x > 0,

−exA(τ)(I − P (τ)), x < 0.

Ñëåäîâàòåëüíî, ïðîåêòîð P (τ) âûäåëÿåò êîìïîíåíòû ðåøåíèÿ, çàòóõà-

þùèå ïðè x → +∞. Îïåðàòîð (I −P (τ)) ÿâëÿåòñÿ ïðîåêòîðîì íà èíâàðè-

àíòíîå ïîäïðîñòðàíñòâî, îòâå÷àþùåå ñîáñòâåííûì ÷èñëàì ñ Reλ > 0.
�åøåíèå êðàåâîé çàäà÷è (2.4) ïðåäñòàâèì â âèäå ñëåäóþùåé ñóììû:

y(τ, x) = y0(τ, x) + y1(τ, x).

1. ×àñòíîå ðåøåíèå íåîäíîðîäíîé çàäà÷è y0(τ, x) îïðåäåëÿåòñÿ
èíòåãðàëîì òèïà ñâåðòêè âåêòîðà ïðàâîé ÷àñòè F (τ, x) ñ ìàòðè÷íîé �óíê-
öèåé �ðèíà G(τ, x) â ñëåäóþùåì âèäå:

y0(τ, x) =

∫ +∞

0

G(τ, x− s)F (τ, s) ds.

Ó÷èòûâàÿ îïðåäåëåíèå G(τ, x), ïîëó÷àåì âûðàæåíèå:

y0(τ, x) =

∫ x

0

e(x−s)A(τ)P (τ)F (τ, s) ds

−
∫ +∞

x

e(x−s)A(τ)(I − P (τ))F (τ, s) ds,

(5.1)

(ñì., íàïðèìåð, [4℄). Èç Ëåììû 4 (ñì. ï. 6) âûòåêàåò ñõîäèìîñòü èíòå-

ãðàëîâ íà áåñêîíå÷íîñòè çà ñ÷åò âûáîðà ñîîòâåòñòâóþùèõ ïðîåêòîðîâ â

ïîäûíòåãðàëüíûõ âûðàæåíèÿõ.

2. �åøåíèå îäíîðîäíîé çàäà÷è y1(τ, x), çàòóõàþùåå íà áåñêîíå÷íî-
ñòè, èìååò âèä:

y1(τ, x) = exA(τ)T−(τ)~c,

ãäå T−(τ) � ìàòðèöà ðàçìåðà 8× 4, ñòîëáöû êîòîðîé îáðàçóþò áàçèñ ìàê-

ñèìàëüíîãî èíâàðèàíòíîãî ïîäïðîñòðàíñòâà, ñîîòâåòñòâóþùåãî ñîáñòâåí-

íûì ÷èñëàì ìàòðèöû A(τ) ñ îòðèöàòåëüíîé âåùåñòâåííîé ÷àñòüþ, à ~c �
ïðîèçâîëüíûé âåêòîð ðàçìåðíîñòè 4× 1.
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Äëÿ íàõîæäåíèÿ âåêòîðà ~c èñïîëüçóåòñÿ ãðàíè÷íîå óñëîâèå By(τ, 0) =
0. Òîãäà

By1(τ, 0) +By0(τ, 0) = 0.

Çíà÷åíèÿ êîìïîíåíò ðåøåíèÿ â òî÷êå x = 0 îïðåäåëÿþòñÿ ðàâåíñòâàìè:

y1(τ, 0) = T−(τ)~c, y0(τ, 0) = −
∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds.

Ñëåäîâàòåëüíî, íàõîæäåíèå âåêòîðà ~c ñâîäèòñÿ ê ðåøåíèþ àëãåáðàè÷åñêîé

ñèñòåìû:

BT−(τ)~c = B

∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds.

Ñîãëàñíî óñëîâèþ Ëîïàòèíñêîãî, ìàòðèöà (BT−(τ)) ðàçìåðà 4×4 ÿâëÿåòñÿ
íåâûðîæäåííîé ïðè âñåõ Re τ > 0. Òàêèì îáðàçîì, âåêòîð ~c îïðåäåëÿåòñÿ
åäèíñòâåííûì îáðàçîì:

~c = [BT−(τ)]
−1B

∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds.

Èòîãîâîå èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ êðàåâîé çàäà÷è (2.4)

ïðèíèìàåò âèä:

y(τ, x) =

∫ x

0

e(x−s)A(τ)P (τ)F (τ, s) ds−
∫ +∞

x

e(x−s)A(τ)(I − P (τ))F (τ, s) ds

+ exA(τ)T−(τ)[BT−(τ)]
−1B

∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds. (5.2)

Ôîðìóëà (5.2) ïîçâîëÿåò óñòàíîâèòü ÿâíóþ çàâèñèìîñòü ðåøåíèÿ îò äàí-

íûõ çàäà÷è è ÿâëÿåòñÿ îñíîâîé äëÿ âûâîäà îöåíîê â ñîîòâåòñòâóþùèõ

�óíêöèîíàëüíûõ ïðîñòðàíñòâàõ.

Â äàëüíåéøåì áóäåì ïîëàãàòü, ÷òî T−(τ) � ìàòðèöà ñ íîðìèðîâàííû-

ìè âåêòîðàìè, îáðàçóþùèìè áàçèñ â ìàêñèìàëüíîì èíâàðèàíòíîì ïîäïðî-

ñòðàíñòâå, ñîîòâåòñòâóþùåì ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû A(τ), ëåæà-
ùèì â ëåâîé ïîëóïëîñêîñòè.

� 6.Âñïîìîãàòåëüíûå îöåíêè

Äëÿ ïîëó÷åíèÿ îöåíîê ðåøåíèÿ â ïðîñòðàíñòâå L2(R+) ïðèâåäåì âñïî-

ìîãàòåëüíûå íåðàâåíñòâà äëÿ ìàòðè÷íûõ ýêñïîíåíò. Ââåäåì ýðìèòîâû ìàò-

ðèöû H− è H+, îïðåäåëÿåìûå ñëåäóþùèì îáðàçîì:

H− =

∫ +∞

0

(esAP )∗esAP ds,
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H+ =

∫ +∞

0

(e−sA(I − P ))∗e−sA(I − P ) ds.

Ýðìèòîâà ìàòðèöà H = H−+H+ > 0 ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì

ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà:

HA+ A∗H = −P ∗P + (I − P )∗(I − P ),

óäîâëåòâîðÿþùèì óñëîâèþ

H = P ∗HP + (I − P )∗H(I − P ).

Íàïîìíèì, ÷òî ââåäåííàÿ ðàíåå ìàòðèöà P ïðåäñòàâëÿåò ñîáîé ïðîåê-

òîð �èññà (P 2 = P ), êîììóòèðóþùèé ñ ìàòðèöåé A. Èç ýòîãî íåïîñðåä-

ñòâåííî ñëåäóåò åãî êîììóòèðóåìîñòü ñ ìàòðè÷íîé ýêñïîíåíòîé: esAP =
PesA è esA(I − P ) = (I − P )esA.

Òàêæå çàìåòèì, ÷òî:

• Åñëè v ∈ ImP , òî (I − P )v = 0. Ñëåäîâàòåëüíî, Hv = H−v.

• Åñëè v ∈ Im(I − P ), òî Pv = 0. Ñëåäîâàòåëüíî, Hv = H+v.

Çàìå÷àíèå 2. Â ñèëó Ëåììû 2 è 3 ïðè Re τ ≥ γ > γ′
0 èìååì

‖H+(τ)‖ = h+
max ≤ h+ < ∞, ‖H−(τ)‖ = h−

max ≤ h− < ∞,

ãäå êîíñòàíòû h+
è h−

íå çàâèñÿò îò τ .

Ñëåäóþùàÿ ëåììà ñîäåðæèòñÿ â [8℄�[10℄.

Ëåììà 4. Ïðè x > 0 ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

‖exAP‖2 ≤ ‖H−‖
hmin

e−x/‖H−‖, (6.1)

‖e−xA(I − P )‖2 ≤ ‖H+‖
hmin

e−x/‖H+‖, (6.2)

ãäå hmin � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H .

Ëåììà 5. Äëÿ ðåøåíèÿ êðàåâîé çàäà÷è (2.4) ïðè Re τ ≥ γ > γ′
0

ñïðàâåäëèâà îöåíêà

‖y(τ, x), L2(R+)‖ ≤ C(γ′
0)‖F (τ, x), L2(R+)‖. (6.3)
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå (5.2), ïðåä-

ñòàâèì ðåøåíèå â âèäå ñóììû òðåõ ñëàãàåìûõ:

y(τ, x) = I1(τ, x) + I2(τ, x) + I3(τ, x),

ãäå

I1(τ, x) =

∫ x

0

e(x−s)A(τ)P (τ)F (τ, s) ds,

I2(τ, x) = −
∫ +∞

x

e(x−s)A(τ)(I − P (τ))F (τ, s) ds,

I3(τ, x) = exA(τ)T−(τ)[BT−(τ)]
−1B

∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds.

Ïî íåðàâåíñòâó Ìèíêîâñêîãî:

‖y, L2(R+)‖ ≤ ‖I1, L2(R+)‖+ ‖I2, L2(R+)‖+ ‖I3, L2(R+)‖. (6.4)

�àññìîòðèì ïåðâûå äâà ñëàãàåìûõ. Äëÿ ïðîâåäåíèÿ îöåíîê çàïèøåì

èõ â âèäå ñâåðòîê, èñïîëüçóÿ �óíêöèþ Õåâèñàéäà:

Θ(x) =

{
1, x ≥ 0,

0, x < 0.

Ïðîäîëæèì âåêòîð-�óíêöèþ ïðàâîé ÷àñòè íóëåì íà îòðèöàòåëüíóþ ïîëó-

îñü: F̃ (τ, s) = Θ(s)F (τ, s). Òîãäà èíòåãðàë I1(τ, x) ìîæíî çàïèñàòü â âèäå

I1(τ, x) =

∫ +∞

−∞

Θ(x− s)e(x−s)A(τ)P (τ)︸ ︷︷ ︸
K1(τ,x−s)

·Θ(s)F (τ, s)︸ ︷︷ ︸
F̃ (τ,s)

ds.

Ââåäåì ÿäðî K1(τ, z) = Θ(z)ezA(τ)P (τ). Òîãäà I1(τ, x) = (K1 ∗ F̃ )(x) è â
ñèëó íåðàâåíñòâà Þíãà èìååì

‖I1, L2(R+)‖ ≤ ‖K1, L1(R)‖ · ‖F̃ , L2(R)‖.

Îöåíèì L1-íîðìó ÿäðà K1, èñïîëüçóÿ îöåíêè Ëåììû 4:

‖K1, L1‖ =

∫ +∞

0

‖ezA(τ)P (τ)‖ dz ≤
∫ +∞

0

√
‖H−(τ)‖
hmin

e
− z

2‖H−(τ)‖ dz

=
2√
hmin

· ‖H−(τ)‖3/2.
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Àíàëîãè÷íî

I2(τ, x) = −
∫ +∞

−∞

Θ(s− x)e(x−s)A(τ)(I − P (τ))F̃ (τ, s) ds.

Ââîäÿ ÿäðî K2(τ, z) = Θ(−z)ezA(τ)(I − P (τ)), â ñèëó íåðàâåíñòâà Þíãà

ïîëó÷àåì:

‖I2, L2(R+)‖ ≤ ‖K2, L1(R)‖ · ‖F, L2(R+)‖.
Èñïîëüçóÿ îöåíêè èç Ëåììû 4, áóäåì èìåòü

‖K2, L1(R)‖ =

∫ 0

−∞

‖ezA(τ)(I − P (τ))‖ dz =

∫ +∞

0

‖e−zA(τ)(I − P (τ))‖ dz

=
2√
hmin

· ‖H+(τ)‖3/2.

�àññìîòðèì ñëàãàåìîå I3(τ, x) = exA(τ)T−(τ)~c, ãäå âåêòîð ~c èìååò âèä:

~c = [BT−(τ)]
−1B

∫ +∞

0

e−sA(τ)(I − P (τ))F (τ, s) ds.

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî-Øâàðöà è èñïîëüçóÿ îïðåäå-

ëåíèå H+(τ) êàê èíòåãðàëüíîãî îïåðàòîðà, îöåíèì íîðìó ýòîãî âåêòîðà:

‖~c ‖ ≤ ‖[BT−(τ)]
−1B‖ ·

(∫ +∞

0

‖e−sA(τ)(I − P (τ))‖2 ds
)1/2

·

·
(∫ +∞

0

‖F (τ, s)‖2 ds
)1/2

=

= ‖[BT−(τ)]
−1B‖ ·

√
‖H+(τ)‖ · ‖F, L2(R+)‖.

(6.5)

Ó÷èòûâàÿ, ÷òî ñòîëáöû ìàòðèöû T−(τ) ëåæàò â îáëàñòè çíà÷åíèé ïðî-
åêòîðà �èññà P (τ), èìååì ‖exAT−(τ)~c ‖ ≤ ‖exAP‖·‖T−(τ)‖·‖~c ‖. Èñïîëüçóÿ
ïåðâîå íåðàâåíñòâî Ëåììû 4, ïîëó÷àåì:

‖I3, L2(R+)‖2 =
∫ +∞

0

‖exA(τ)T−(τ)~c ‖2 dx

≤ ‖T−(τ)‖2‖~c ‖2
∫ +∞

0

‖exA(τ)P (τ)‖2 dx

≤ ‖T−(τ)‖2‖~c ‖2 ·
‖H−(τ)‖2

hmin
.

Òîãäà, ó÷èòûâàÿ óñëîâèå Ëîïàòèíñêîãî è íåðàâåíñòâî (6.5), ïîëó÷èì

‖I3, L2‖ ≤ ‖H−(τ)‖√
hmin

‖T−(τ)‖‖[BT−(τ)]
−1B‖

√
‖H+(τ)‖‖F, L2‖

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 19-46

Mat. Trudy, 2026, V. 29, N. 3, P. 19-46



36 Ñìåøàííûå êðàåâûå çàäà÷è äëÿ ñèñòåìû Âëàñîâà

Ïîäñòàâëÿÿ ïîëó÷åííûå îöåíêè â íåðàâåíñòâî (6.4) è, ó÷èòûâàÿ Çàìå-

÷àíèå 2 è óñëîâèå (2.7), ïîëó÷àåì ïðè Re τ ≥ γ′
0 îöåíêó (6.3) ñ êîíñòàíòîé

C(γ′
0) = C1(γ

′
0) + C2(γ

′
0) + C3(γ

′
0):

C1(γ
′
0) =

2√
hmin

(h−
max)

3/2 ≥ 2√
hmin

· ‖H−(τ)‖3/2;

C2(γ
′
0) =

2√
hmin

(h+
max)

3/2 ≥ 2√
hmin

· ‖H+(τ)‖3/2;

C3(γ
′
0) =

1√
hmin

h−
max

√
h+
max c̃ ≥ 1√

hmin

· ‖H−(τ)‖ · ‖H+(τ)‖1/2 · ‖T−(τ)‖
· ‖[BT−(τ)]

−1B‖.

Ëåììà äîêàçàíà.

� 7.Îöåíêè â àíèçîòðîïíûõ âåñîâûõ ñîáîëåâñêèõ

ïðîñòðàíñòâàõ

Îöåíêà ÷àñòíîãî ðåøåíèÿ y0(τ, x)

Â ëåììå 5 áûëî ïîêàçàíî, ÷òî ïðè Re τ ≥ γ > γ′
0 ÷àñòíîå ðåøåíèå y0(τ, x)

ïðèíàäëåæèò L2(R+). Ýòî äà¼ò âîçìîæíîñòü ïðîäîëæèòü åãî íóë¼ì íà

îòðèöàòåëüíóþ ïîëóîñü, à çàòåì ïðèìåíèòü ïðåîáðàçîâàíèå Ôóðüå ïî ïå-

ðåìåííîé x.
Ïðîäîëæèì âåêòîð-�óíêöèþ ïðàâîé ÷àñòè F (τ, x) íóë¼ì ïðè x < 0,

îáîçíà÷èâ ïðîäîëæåíèå ÷åðåç F̃ (τ, x). Òîãäà èíòåãðàëüíîå ïðåäñòàâëåíèå
(5.1) çàäà¼ò �óíêöèþ y0(τ, x) íà âñåé ÷èñëîâîé ïðÿìîé R, êîòîðàÿ ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû ïåðâîãî ïîðÿäêà

dy0
dx

= A(τ)y0 + F̃ (τ, x), x ∈ R,

ïðè÷¼ì y0(τ, x) ∈ W 1
2 (R), ïðè ëþáîì τ , Re τ ≥ γ > γ′

0. Âûäåëèì èç âåêòîðà

y0(τ, x) ïåðâóþ è ïÿòóþ êîìïîíåíòû è îáîçíà÷èì ýòîò äâóìåðíûé âåêòîð

÷åðåç

v0(τ, x) =

(
y0,1(τ, x)
y0,5(τ, x)

)
.

Òîãäà v0(τ, x) óäîâëåòâîðÿåò èñõîäíîé ñèñòåìå èç (2.3) íà âñåé ïðÿìîé ñ

ïðîäîëæåííîé ïðàâîé ÷àñòüþ g̃(τ, x) (ãäå g̃(τ, x) ïîëó÷åíî ïðîäîëæåíèåì
g(τ, x) íóë¼ì ïðè x < 0):

τ 2
(
1− α1D

2
x ε

ε 1− α2D
2
x

)
v0 +

(
c1 0
0 c2

)
D4

xv
0 = g̃(τ, x). (7.1)
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Ïðèìåíèì ê ýòîé ñèñòåìå ïðåîáðàçîâàíèå Ôóðüå Fx→ξ. Îáîçíà÷èì

v̂0(τ, ξ) = F [v0], ĝ(τ, ξ) = F [g̃]. Ïîëó÷àåì àëãåáðàè÷åñêóþ ñèñòåìó:

(
τ 2M(ξ) + ξ4C

)
v̂0 = ĝ(τ, ξ), (7.2)

ãäå

M(ξ) =

(
1 + α1ξ

2 ε
ε 1 + α2ξ

2

)
, C =

(
c1 0
0 c2

)
.

Ëåììà 6. Ñóùåñòâóþò ïîñòîÿííûå γ1 > 0, C0 > 0 òàêèå, ÷òî äëÿ âñåõ
τ ñ Re τ ≥ γ ≥ γ1 ≥ γ0, âñåõ ξ ∈ R è âñåõ âåêòîðîâ w ∈ C

2
âûïîëíåíî

íåðàâåíñòâî

∥∥(τ 2M(ξ) + ξ4C
)
w
∥∥ ≥ C0γ(1 + ξ2)

(
|τ |+ |ξ|

)
‖w‖. (7.3)

Äîêàçàòåëüñòâî. Ñíà÷àëà óñòàíîâèì ðàâíîìåðíóþ ïîëîæèòåëüíóþ îïðå-

äåë¼ííîñòü ìàòðèöû M(ξ). Äëÿ ëþáîãî w = (w1, w2)
T ∈ C2

èìååì

w∗Mw = |w1|2 + |w2|2 + ξ2(α1|w1|2 + α2|w2|2) + 2εRe(w1w2).

Âîñïîëüçóåìñÿ íåðàâåíñòâîì

2εRe(w1w2) ≥ −2ε|w1||w2| ≥ −ε(|w1|2 + |w2|2).

Òîãäà

w∗Mw ≥ (1− ε)(|w1|2 + |w2|2) + ξ2(α1|w1|2 + α2|w2|2).
Îáîçíà÷èì αmin = min(α1, α2) > 0. Òîãäà

w∗Mw ≥ (1− ε+ αminξ
2)‖w‖2.

Âûáåðåì m0 = min(1− ε, αmin). Ëåãêî ïðîâåðèòü, ÷òî m0(1 + ξ2) ≤ 1− ε+
αminξ

2
ïðè âñåõ ξ ∈ R. Ñëåäîâàòåëüíî,

w∗M(ξ)w ≥ m0(1 + ξ2)‖w‖2, w ∈ C
2, ξ ∈ R. (7.4)

Òåïåðü ïåðåéä¼ì íåïîñðåäñòâåííî ê îöåíêå ñèìâîëà. Äëÿ ïðîèçâîëüíî-

ãî w ∈ C2
ðàññìîòðèì êâàäðàòè÷íóþ �îðìó ñ ìíîæèòåëåì τ̄ :

τ̄
(
τ 2M + ξ4C

)
= |τ |2τM + τ̄ ξ4C.

Óìíîæèì ýòî âûðàæåíèå ñêàëÿðíî íà w:

w∗
(
τ̄(τ 2M + ξ4C)

)
w = |τ |2τ (w∗Mw) + τ̄ ξ4 (w∗Cw). (7.5)
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Ìàòðèöû M è C âåùåñòâåííû è ñèììåòðè÷íû, ïîýòîìó âåëè÷èíû w∗Mw
è w∗Cw âåùåñòâåííû. Âûäåëèì âåùåñòâåííóþ ÷àñòü:

Re
[
w∗

(
τ̄(τ 2M + ξ4C)

)
w
]
= |τ |2(Re τ)(w∗Mw) + ξ4(Re τ̄)(w∗Cw)

= σ
(
|τ |2w∗Mw + ξ4w∗Cw

)
,

ãäå σ = Re τ > 0.
Ñ äðóãîé ñòîðîíû,

Re
[
w∗

(
τ̄ (τ 2M+ξ4C)

)
w
]
≤

∣∣w∗
(
τ̄ (τ 2M+ξ4C)

)
w
∣∣ ≤ |τ | ‖w‖

∥∥(τ 2M+ξ4C)w
∥∥.

Ñðàâíèâàÿ äâà âûðàæåíèÿ, ïîëó÷àåì

|τ | ‖w‖
∣∣(τ 2M + ξ4C)w

∣∣ ≥ σ
(
|τ |2w∗Mw + ξ4w∗Cw

)
.

Ó÷èòûâàÿ, ÷òî σ ≥ γ, è ïîäñòàâëÿÿ îöåíêè (7.4) è w∗Cw ≥ cmin‖w‖2 (ãäå
cmin = min(c1, c2) > 0), ïðèõîäèì ê íåðàâåíñòâó

∥∥(τ 2M(ξ) + ξ4C)w
∥∥ ≥ γ

(
m0|τ |(1 + ξ2) + cmin

ξ4

|τ |
)
‖w‖. (7.6)

Îñòàëîñü ïîêàçàòü, ÷òî âûðàæåíèå â ñêîáêàõ îöåíèâàåòñÿ ñíèçó ÷åðåç

C0(1 + ξ2)(|τ |+ |ξ|) ñ íåêîòîðîé ïîñòîÿííîé C0 > 0, íå çàâèñÿùåé îò τ è ξ.
�àññìîòðèì äâà ñëó÷àÿ.

Ñëó÷àé 1: |τ | ≥ |ξ|. Òîãäà

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | ≥ m0|τ |(1 + ξ2) =
m0

2
|τ |(1 + ξ2) +

m0

2
|τ |(1 + ξ2).

Ïîñêîëüêó |τ | ≥ |ξ|, âòîðîå ñëàãàåìîå ìîæíî îöåíèòü êàê m0

2
|τ |(1 + ξ2) ≥

m0

2
|ξ|(1 + ξ2). Ñëåäîâàòåëüíî,

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | ≥
m0

2
(1 + ξ2)(|τ |+ |ξ|).

Ñëó÷àé 2: |τ | < |ξ|. �àçîáü¼ì ïåðâîå ñëàãàåìîå ïîïîëàì:

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | =
m0

2
|τ |(1 + ξ2) +

m0

2
|τ |(1 + ξ2) + cmin

ξ4

|τ | .

Ïîñêîëüêó |τ | ≥ σ ≥ γ1 ≥ γ0, èìååì
m0

2
|τ |(1 + ξ2) ≥ m0γ0

2
(1 + ξ2). Êðîìå

òîãî, èç |τ | < |ξ| âûòåêàåò ξ4

|τ |
≥ |ξ|3. Òàêèì îáðàçîì,

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | ≥
m0

2
|τ |(1 + ξ2) +

(m0γ0
2

(1 + ξ2) + cmin|ξ|3
)
.
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Îöåíèì âûðàæåíèå â ñêîáêàõ. Åñëè |ξ| ≥ 1, òî cmin|ξ|3 = cmin|ξ| ξ2 ≥
cmin

2
|ξ|(1 + ξ2). Åñëè æå |ξ| < 1, òî m0γ0

2
(1 + ξ2) ≥ m0γ0

2
|ξ|(1 + ξ2). Âûáå-

ðåì C̃0 = min
(
cmin

2
, m0γ0

2

)
> 0; òîãäà â îáîèõ ïîäñëó÷àÿõ

m0γ0
2

(1 + ξ2) + cmin|ξ|3 ≥ C̃0|ξ|(1 + ξ2).

Ñëåäîâàòåëüíî,

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | ≥
m0

2
|τ |(1 + ξ2) + C̃0|ξ|(1 + ξ2)

≥ min
(m0

2
, C̃0

)
(1 + ξ2)(|τ |+ |ξ|).

Îáúåäèíÿÿ ñëó÷àè 1 è 2, ïîëîæèì

C0 = min
{m0

2
,
cmin

2
,
m0γ0
2

}
> 0.

Òîãäà â îáîèõ ñëó÷àÿõ âûïîëíåíî

m0|τ |(1 + ξ2) + cmin
ξ4

|τ | ≥ C0(1 + ξ2)(|τ |+ |ξ|).

Ïîäñòàâëÿÿ ýòó îöåíêó â (7.6), ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî (7.3).

Ëåììà äîêàçàíà.

Èç ëåììû íåìåäëåííî âûòåêàåò, ÷òî ìàòðèöà

L(τ, ξ) = τ 2M(ξ) + ξ4C

îáðàòèìà ïðè Re τ ≥ γ > γ1 > 0, ξ ∈ R, ïðè÷åì

‖L(τ, ξ)−1‖ ≤ 1

C0γ

1

(1 + ξ2)(|τ |+ |ξ|) .

Ñëåäîâàòåëüíî, äëÿ ðåøåíèÿ v̂0(τ, ξ) = L−1ĝ(τ, ξ) ñïðàâåäëèâà îöåíêà

‖v̂0(τ, ξ)‖ ≤ 1

C0γ

‖ĝ(τ, ξ)‖
(1 + ξ2)(|τ |+ |ξ|) . (7.7)

Â ñèëó ðàâåíñòâà Ïàðñåâàëÿ

∫ +∞

−∞

‖Dα2
x v0(τ, x)‖2 dx =

∫ +∞

−∞

|ξ|2α2‖v̂0(τ, ξ)‖2 dξ, α2 = 0, . . . , 4.

Ïîýòîìó êâàäðàò íîðìû ‖v0, W̃ 2,4
2 (C+

γ × R)‖ äëÿ �óíêöèè íà âñåé ïðÿìîé

ýêâèâàëåíòåí ñóììå ïî âñåì ìóëüòèèíäåêñàì α = (α1, α2) ñ
α1

2
+ α2

4
≤ 1

âûðàæåíèé

sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

|τ |2α1 |ξ|2α2‖v̂0(τ, ξ)‖2 dξ dη, τ = σ + iη,Re τ > γ ≥ γ1. (7.8)
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• Ïðè α = (0, 4), èñïîëüçóÿ (7.7), ïîëó÷àåì

sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

|ξ|8‖v̂0‖2 dξ dη ≤ 1

C2
0γ

2
sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

(1 + ξ2)‖ĝ‖2 dξ dη.

• Ïðè α = (0, 0), î÷åâèäíî, èìååì

sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

‖v̂0‖2 dξ dη ≤ 1

C2
0γ

4
sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

(1 + ξ2)‖ĝ‖2 dξ dη.

• Ïðè α = (1, 2), èç (7.7) ñëåäóåò

|τ |2|ξ|4
(1 + ξ2)2(|τ |+ |ξ|)2 =

|ξ|4
(1 + ξ2)2

( |τ |
|τ |+ |ξ|

)2

≤ |ξ|4
(1 + ξ2)2

≤ 1 ≤ 1 + ξ2.

Ïîýòîìó

sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

|τ |2|ξ|4‖v̂0‖2 dξ dη ≤ 1

C2
0γ

2
sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

(1 + ξ2)‖ĝ‖2 dξ dη.

• Ïðè α = (1, 1) èìååì òàêóþ æå îöåíêó.

• Ïðè α = (2, 0) íåïîñðåäñòâåííîå ïðèìåíåíèå (7.7) ïðèâîäèò ê ìíî-

æèòåëþ

|τ |2

(1+ξ2)2
â (7.8).

Ïîýòîìó, ÷òîáû îáîéòè ýòó òðóäíîñòü, âûðàçèì τ 2v̂0(τ, ξ) íåïîñðåä-
ñòâåííî èç ñèñòåìû (7.2):

τ 2v̂0(τ, ξ) = M(ξ)−1ĝ(τ, ξ)− ξ4M(ξ)−1Cv̂0(τ, ξ).

Òîãäà

|τ |2‖v̂0(τ, ξ)‖ ≤ ‖M(ξ)−1‖ ‖ĝ(τ, ξ)‖+ ξ4‖M(ξ)−1‖ ‖C‖ ‖v̂0(τ, ξ)‖

≤ 1

m0(1 + ξ2)
‖ĝ(τ, ξ)‖+ cmaxξ

4

m0(1 + ξ2)
‖v̂0(τ, ξ)‖,

ãäå cmax = max(c1, c2).

Ñëåäîâàòåëüíî, êàê ïðè ðàññìîòðåíèè ñëó÷àÿ α = (0, 4), ïîëó÷àåì

sup
σ>γ

∫∫

R2

|τ |4‖v̂0(τ, ξ)‖2 dξ dη ≤
( 2

m2
0

+
2c2max

m2
0C

2
0γ

2

)

× sup
σ>γ

∫∫

R2

(1 + ξ2)‖ĝ(τ, ξ)‖2 dξ dη.
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• Îñòàëüíûå ìóëüòèèíäåêñû (0, 1), (0, 2), (0, 3), (1, 0) îöåíèâàþòñÿ àíà-

ëîãè÷íî. Ïîýòîìó äëÿ êàæäîãî èç íèõ ñïðàâåäëèâî íåðàâåíñòâî

sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

|τ |2α1 |ξ|2α2‖v̂0(τ, ξ)‖2 dξ dη

≤ c̃(γ) sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

(1 + ξ2)‖ĝ(τ, ξ)‖2 dξ dη

ñ íåêîòîðîé ïîñòîÿííîé c̃(γ) > 0.

Ñóììèðóÿ ïîëó÷åííûå îöåíêè ïî âñåì äîïóñòèìûì ìóëüòèèíäåêñàì α,
ïðèõîäèì ê íåðàâåíñòâó

‖v0(τ, x), W̃ 2,4
2 (C+

γ × R)‖ ≤ c0(γ) ‖g̃(τ, x), W̃ 0,1
2 (C+

γ × R)‖.

Ïîñêîëüêó �óíêöèÿ g̃(τ, x) ïîëó÷åíà ïðîäîëæåíèåì íóë¼ì �óíêöèè g(τ, x)

íà R, èõ íîðìû â W̃ 0,1
2 (C+

γ × R+) ñîâïàäàþò. Ñëåäîâàòåëüíî,

‖v0(τ, x), W̃ 2,4
2 (C+

γ × R+)‖ ≤ c0(γ) ‖g(τ, x), W̃ 0,1
2 (C+

γ × R+)‖. (7.9)

Îöåíêà ÷àñòíîãî ðåøåíèÿ y1(τ, x)

Íàïîìíèì, ÷òî ÷àñòíîå ðåøåíèå y1(τ, x) çàïèñûâàåòñÿ â âèäå

y1(τ, x) = −exA(τ)T−(τ)
(
BT−(τ)

)−1
B y0(τ, 0). (7.10)

Ìàòðèöà B èìååò ñëåäóþùóþ ñòðóêòóðó:

B =




a11 a12 0 0 0 0 0 0
a21 a22 0 0 0 0 0 0
0 0 0 0 b11 b12 0 0
0 0 0 0 b21 b22 0 0


 .

Ïîýòîìó

By0(τ, 0) =




a11y
1
0(τ, 0) + a12Dxy

1
0(τ, 0)

a21y
1
0(τ, 0) + a22Dxy

1
0(τ, 0)

b11y
2
0(τ, 0) + b12Dxy

2
0(τ, 0)

b21y
2
0(τ, 0) + b22Dxy

2
0(τ, 0)


 ,

ãäå äëÿ êðàòêîñòè îáîçíà÷åíî y10 = y0,1, y
2
0 = y0,5.

Ïî òåîðåìå âëîæåíèÿ Ñîáîëåâà W 1
2 (R+) →֒ C̊(R+), ïîýòîìó äëÿ ëþáîé

�óíêöèè w(τ, x) ∈ W 1
2 (R+)

|w(τ, 0)| ≤ CS‖w(τ, ·),W 1
2 (R+)‖.
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Ïðèìåíÿÿ ýòî ê y10, Dxy
1
0, y

2
0, Dxy

2
0, ïîëó÷àåì

|a11y10(τ, 0) + a12Dxy
1
0(τ, 0)| ≤ c1‖y10,W 1

2 (R+)‖+ c2‖Dxy
1
0,W

1
2 (R+)‖

≤ c ‖y10,W 2
2 (R+)‖.

Àíàëîãè÷íàÿ îöåíêà âåðíà äëÿ êîìïîíåíò ñ y20. Ñëåäîâàòåëüíî,

‖By0(τ, 0)‖ ≤ C1

(
‖y10,W 2

2 (R+)‖+ ‖y20,W 2
2 (R+)‖

)

≤ C1

(
‖y10,W 2

2 (R)‖+ ‖y20,W 2
2 (R)‖

)
.

(7.11)

Èñïîëüçóÿ ýêâèâàëåíòíóþ íîðìèðîâêó è îöåíêó (7.7), ïîëó÷åííóþ äëÿ

v̂0 = (ŷ10, ŷ
2
0)

T
, íàõîäèì

‖yj0,W 2
2 (R)‖ = ‖(1 + ξ2)ŷj0(τ, ξ), L2(R)‖

≤ c

γ

∥∥∥ 1

|ξ|+ |τ | ‖ĝ(τ, ξ)‖, L2(R)
∥∥∥, j = 1, 2.

Ïîäñòàâëÿÿ ýòî â (7.11), îêîí÷àòåëüíî ïîëó÷àåì

‖By0(τ, 0)‖ ≤ C2

γ

∥∥∥‖ĝ(τ, ξ)‖|ξ|+ |τ | , L2(R)
∥∥∥. (7.12)

Èç ÿâíîãî âèäà (7.10), îöåíêè (7.11), Ëåììû 4 è óñëîâèÿ (2.7) âûòåêàåò

‖y1(τ, x), L2(R+)‖ ≤ C̃

γ

∥∥∥‖ĝ(τ, ξ)‖|ξ|+ |τ | , L2(R)
∥∥∥. (7.13)

Íàïîìíèì, ÷òî âåêòîð y1 ñîñòàâëåí èç êîìïîíåíò

y1 =
(
v11 , Dxv

1
1, D

2
xv

1
1, D

3
xv

1
1, v

1
2, Dxv

1
2, D

2
xv

1
2, D

3
xv

1
2

)T
,

ïîýòîìó èç (7.13) ñðàçó ïîëó÷àþòñÿ L2�îöåíêè äëÿ Dk
xv

1
1 è Dk

xv
1
2 ïðè k =

0, 1, 2, 3 ñ òîé æå ïðàâîé ÷àñòüþ.
Äè��åðåíöèðóÿ (7.10) ïî x, èìååì

Dxy1(τ, x) = exA(τ)A(τ)T−(τ)(BT−(τ))
−1By0(τ, 0).

Ó÷èòûâàÿ ñòðóêòóðó ìàòðèöû A(τ), ïîëó÷àåì

‖Dxy1(τ, x), L2(R+)‖ ≤ C̃1
c

γ

∥∥∥ |τ |2
|ξ|+ |τ | ‖ĝ(τ, ξ)‖, L2(R)

∥∥∥. (7.14)

Àíàëîãè÷íî,

‖ |τ |2y1(τ, x), L2(R+)‖ ≤ C̃2
c

γ

∥∥∥ |τ |2
|ξ|+ |τ | ‖ĝ(τ, ξ)‖, L2(R)

∥∥∥. (7.15)
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Èç îöåíîê (7.13)�(7.15) íåïîñðåäñòâåííî ñëåäóåò, ÷òî äëÿ ëþáîãî α =
(α1, α2) ñ

α1

2
+ α2

4
≤ 1 âûïîëíåíî

sup
σ>γ

∫ ∞

−∞

∫ ∞

0

|τ |2α1‖Dα2
x v1(τ, x)‖2 dx dη

≤ C2
α

γ2
sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

1 + |τ |4
(|τ |+ |ξ|)2 ‖ĝ(τ, ξ)‖

2 dξ dη

≤ C̃α

γ2
sup
σ>γ

∫ ∞

−∞

∫ ∞

−∞

(1 + |τ |2)‖ĝ(τ, ξ)‖2 dξ dη.

Ñëåäîâàòåëüíî,

‖v1(τ, x), W̃ 2,4
2 (C+

γ × R+)‖ ≤ c1(γ) ‖g(τ, x), W̃ 1,0
2 (C+

γ × R+)‖. (7.16)

� 8.Äîêàçàòåëüñòâî òåîðåìû

Çàìåòèì, ÷òî èç ÿâíîãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ (5.2) íåïîñðåä-

ñòâåííî âèäíî, ÷òî y(τ, x) ÿâëÿåòñÿ àíàëèòè÷åñêîé �óíêöèåé ïàðàìåòðà τ
â ïîëóïëîñêîñòè Re τ > γ.

�åøåíèå çàäà÷è (2.3) çàäàåòñÿ ñóììîé:

v(τ, x) = v0(τ, x) + v1(τ, x).

Ñîãëàñíî èòîãîâûì îöåíêàì (7.9) è (7.16), ïðè γ > γ1 èìååì

‖v(τ, x), W̃ 2,4
2 ‖ ≤ c0(γ)‖g(τ, x), W̃ 0,1

2 ‖+ c1(γ)‖g(τ, x), W̃ 1,0
2 ‖,

‖v(τ, x), W̃ 2,4
2 (C+

γ × R+)‖ ≤ C(γ) ‖g(τ, x), W̃ 1,1
2 (C+

γ × R+)‖. (8.1)

Èç îöåíêè (8.1) è àíàëèòè÷íîñòè �óíêöèè y(τ, x) â ñèëó îáîáùåííîé

òåîðåìû Ïýëè-Âèíåðà ïîëó÷àåì, ÷òî âåêòîð-�óíêöèÿ

u(t, x) = L−1
τ→t[v(·, x)] ∈ W 2,4

2,γ (R
2
++), γ > γ1,

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé ñìåøàííîé êðàåâîé çàäà÷è è äëÿ íåãî ñïðà-

âåäëèâî íåðàâåíñòâî:

‖u(t, x),W 2,4
2,γ (R

2
++)‖+ ‖D2

tD
2
xu(t, x), L2,γ(R

2
++)‖ ≤ c(γ1)‖f(t, x),W 1,1

2,γ (R
2
++)‖,
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ãäå êîíñòàíòà c(γ1) > 0 íå çàâèñèò îò �óíêöèè f(t, x).
Çäåñü îáðàòíûé îïåðàòîð Ëàïëàñà äåéñòâóåò ïî ñëåäóþùåìó ïðàâèëó:

L−1[v](t, x) = eRe τtF−1[v](t, x),

ãäå F−1
� îáðàòíûé îïåðàòîð Ôóðüå, äåéñòâóþùèé ïî ïåðåìåííîé η =

Im τ .
Åäèíñòâåííîñòü ðåøåíèÿ â ïðîñòðàíñòâå W 2,4

2,γ (R
2
++) âûòåêàåò èç óñëî-

âèÿ Ëîïàòèíñêîãî.
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